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Abstract 

       In [15] Ikeda  showed that  a ring R is left and right  mininjective  and left and right 

Artinian if and only if it is quasi-Frobenius.  

In [33] Utumi proved that any left and right continuous and  left and right Artinian ring 

is quasi-Frobenius. In [7], Camillo and Yousif generalized Ikeda’s and Utumi’s result as a 

left and right continuous ring with ascending chain condition on left annihilators is quasi- 

Frobenius ring. It is natural to ask whether Faith’s or Camillo and Yousif ’s results  can be  

extended  to semiperfect CS-rings. However, it is a result of G ómez Pardo and Guil Asensio 

[29] that every right Kasch, right CS-ring has a finitely generated essential  right  socle, but 

it is unknown weather a right  Kasch right CS-ring is always semiperfect [31]. In this 

paper, we review and prove some properties on Kasch and quasi-Frobenius rings which is 

related to these results. 

 

Keywords : Semiperfect Rings , QF-Rings, CS-Rings, PF-Rings, Kasch Rings, Dual Rings . 

 

1.  Introduction 
 

Not much is known about this class of modules and rings in a general, module-theoretic 

setting. Since late 1980s, the development of modules with the CS-condition property  have 

been a major area in Ring Theory. Contributors include Harada M. and his school in 

Japan, Mü ller B. and his collaborators in Canada, Osofsky  B., Smith P. F., Huynh D. 

V., Dung N. V., Harmancı A., Wisbauer R. and many others in other parts of the world. 

Even with numerous papers published in the latest two decades related to this theory, a number 

of open problems remain. Although this generalization of injectivity is very useful, it does not 

satisfy some important algebraic properties.  For example, a natural question that can be asked 
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is: when are direct sums of CS-modules CS, or when a full of upper triangular matrix 

rings over right CS-rings are right CS (we know that these properties in general do not hold 

true even for finite direct sums or matrix rings). Much work has been done on finding 

necessary and sufficient conditions to ensure that CS-condition property is preserved under 

various extensions, but with only limited success. A well known result of Faith C. [11] asserts 

that a left (or right) self-injective ring with ascending chain condition on left annihilators is a 

quasi-Frobenius ring.  

  It is obvious that R is a left P F -ring if and only if it is left self-injective and left 

Kasch, where the latter condition just means that every simple left R-module is isomorphic 

to a minimal left ideal. From Osofsky’s theorem it is also follows that a left P F -ring is 

right Kasch and so it is to ask whether a left self- injective right Kasch ring is left P F . 

This question is still open but in order to obtain a positive answer, it would be enough to 

prove that R has essential left socle, because it has already  been shown in [32] that these 

rings are semiperfect. This result was extended in [36], where it was shown that if R is left 

CS and the dual of every simple right R-module is simple,  then R is semiperfect with 

Soc(RR)=Soc(RR)≤e RR. 

     For the unexplained terminology and undefined notations used in the text, the reader 
is referred to [1], [8], [10], [13], [20], [24], [27], and [35]. 

 
We give the proof for the sake of completeness of the following well known result [10, Lemma 

7.3] which will be used later on. 

Lemma 1.1  Let M be CS right R-module and M1, M2, ..., Mn be a set of complete Indecomposable 

submodules with M=⊕i=1n Mi. Suppose that Mi can not be embedded in Mj for all i≠ j.Then Mi is 

Mj -injective. 

Proof  Let N be a submodule of Mi and f : N → Mj an homomorphism. Let L={n − f (n) 

| n ∈ N }≤ Mi⊕Mj . Since Mi⊕Mj is CS-module as a direct summand of M, L is essentially 

contained in a direct summand K of Mi ⊕Mj . By Theorem [1, 12.9] Mi ⊕Mj=Mi ⊕ K or 
Mi⊕Mj=K⊕Mj . By L ∩  Mj=0, we have K ∩  Mj=0 from which K is emmbedable in Mi. If 

Mi ⊕ Mj=Mi ⊕K, then Mj is isomorphic to K. Hence Mj is embeddable in Mi. This is a 

contradiction. So Mi⊕Mj=K⊕Mj . Let π denote the projection of Mi⊕K onto Mj . Then 

π|Mi , the restriction of π on Mi, is an extension of f . Hence Mj is Mi-injective.                               

� 
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    We next give a brief review of results on semiperfect rings and that on perfect rings duo to 

Bass, Bj örk and Jonah. Mares introduced semiperfect modules in [23]. 

Theorem and Definition  1.2 (1) (Bass [4]) A ring R is semiperfect if it satisfies the following 
equivalent conditions:  
(i)    R is semilocal and idempotents lift modulo J . 

(ii)   Every finitely generated right module M has a projective cover P . 
(iii)  Every simple right module has a projective cover. 

(v)   The left-right symmetric version of (ii) or (iii). 
(2) (Bass [4], Bj örk [5] and Jonah [17]) A ring R is left perfect if and only if R satisfies the 
following equivalent conditions: 
(i)   Every left R-module  has a projective cover. 

(ii)  R satisfies the DCC on principal right ideals. 

(iii) R satisfies the DCC on finitely generated right ideals. 

(iv) R is semiperfect,  and J (R) is right vanishing (i.e., any sequence a
1
,a1
a

2
, ...,a

1
a
2
...a

n
, ... of elements 

of J (R) terminates in 0). 
(v)  Every nonzero right R-module has a minimal submodule, and R has no infinite set of orthogonal 
idempotents. 
(vi)  Every flat left module is projective. 
(vii)  Every left R-module  has the ACC on cyclic submodules. 

Note that every semiperfect ring R is semiperfect right R-module RR. Before proceeding, we 

pause to introduce a classes of rings that arises in the next theorem. Call a ring R semipotent 
if it satisfies the following equivalent conditions: 
(1) Every right ideal not contained in J contains a nonzero idempotent.  
(2) Every left ideal not contained in J contains a nonzero idempotent. 

The ring R is said to be I-finite if it satisfies the following equivalent conditions:  
(1)  R contains no infinite orthogonal sets of idempotents. 
(2) R has the ACC on direct summand right (left) ideals.  
(3) R has the DCC on direct summand left (right) ideals.  
(4) R has the DCC on idempotents. 
(5) R has the ACC on idempotents. 
For the proof of those five conditions to be equivalent see [27, Lemma B.6] 

Lemma 1.3 [27, Theorem B.9] The following conditions are equivalent for a ring R: 
(1) R is semiperfect. 
(2) R/J is semisimple and R is semipotent. 
(3) R is I-finite and semipotent.                                                                                                       

(4) R is I-finite and primitive idempotents in R are local.                                                                   

(5) 1 = e1 + ... + em, where the ei  are local, orthogonal idempotents. 

Clearly every local idempotent is primitive and if R is a semiperfect ring, then every 

primitive idempotent is local by Lemma 1.3. Also, R is semiperfect ring if and only if R/J 

is Artinian  and idempotents lift  modulo J (R) if and only if 1=e1 + ... + en where the ei  
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are orthogonal, local idempotents. It is clear that every semiperfect ring is semiregular, (see, 

[24] and [13, p. 159] for the proofs). 

Let R be a semiperfect ring. Then by definition R/J is semisimple ring and idempotents lift 

modulo J , R is a semiperfect ring if and only if there are idempotents ei, (i=1, ..., n) such that  

R=⊕i=1n eiR with eiRei  is local ring for each i, and eiR indecomposable right ideal. 

Renumbering idempotents if necessary so that e1R/e1J ,...,emR/emJ constitute the isomorphism 

classes of simple right R-modules. Thus every simple right R-module is isomorphic to some ej 

R/ej J , with j≤ m, and eiR/eiJ≅ ek R/ek J if and only if i=k, for all i and k ≤ m. The right ideal 

R0=⊕i=1m eiR is called the basic right module of R. e0 =e1 + e2 + ... + em is called basic 

idempotent,  and e0Re0  ≅  
End(R0)R  is the basic ring of R. The ring R is self-basic if R=R0 (this 

condition is right-left symmetric), inasmuch as R is self-basic if and only if R/J (R) is 

finite direct product of The basic module is unique up to isomorphism, and if f0  is 

another basic idempotent there is an invertible element x of R such that f0 =xe0x−1. R0  is 

the unique (up to isomorphism) minimal (finitely generated projective) generator of Mod-

R, and in fact, if Q is another generator of Mod-R, there is a module X such that Q≅R0 ⊕ 

X (this follows from Theorem [1, 12.9]). 

A ring R is called semiprimary if R/J is semisimple and J is nilpotent. 

 
Corollary 1.4 [Bass [4]] A semiprimary ring is left and right perfect. 

 
Clearly every semiprimary ring is semiperfect by Corollary 1.4 (but not conversely, consider the 

localization Z(p)  of Z at the prime p). 

Theorem 1.5 [Wedderburn-Artin Theorem] If R is right Artinian, then J is nilpotent and 

R/J is semisimple. 

Proof  See [1, 13.6 and 13.7].                                     � 

 

Lemma 1.6 [27, Lemma B.3] Idempotents lift modulo every nil ideal. 

 
Every right (or left) Artinian ring R is semiperfect because R/J is semisimple by Theorem 
1.5, and idempotents lift modulo J by Lemma 1.6 because J is nilpotent. Of course every 
left (or right) Artinian  ring is semiprimary by the same argument; however, the matrix 
ring  
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i=1

is a noncommutative semiprimary ring that is neither right nor left Artinian, see [21, 
Exercise 20.5] for the proof. In more detail, the following inclusions are strict: 

 
 

{one-sided  Artinian rings } 
∩ 

                 { semiprimary  rings } 
∩ 

                      { right perfect rings } 
∩ 

                                             { local rings } ⊂ { semiperfect  rings } ⊂ { semilocal  rings }. 

Recall that Mares in [23], defined semiperfect module, that is, a module M is semiperfect 
if M is projective and every homomorphic  image of M has a projective cover. Now, we 
record some well known results that we use extensively in this work. 
 

Lemma 1.7 [24, Corollary 4.43] A projective module M is semiperfect if and only if M is 

discrete if and only if every submodule of M has a supplement. 

Lemma 1.8 [24, Theorem 4.44] A projective module M is semiperfect if and only if 
(1) Rad(M ) « M . 
(2) M/Rad(M ) is semisimple. 
(3) Decompositions of M/Rad(M ) lift to decompositions of M . 
 
It is proved in [37] that a ring R is semiperfect if and only if R is lifting, and that a 

projective module M is lifting if and only if for any submodule N of M , M/N has a 

projective cover, (that is every semiperfect module satisfies (D
1
) condition). 

    A ring R such that every faithful right R-module generates the category Mod-R of 

right R-modules is called right pseudo-Frobenius (or right PF-rings). These rings were introduced 

by Azumaya [3] as a generalization of quasi-Frobenius rings. 

Theorem 1.9 [Azumaya [3], Osofsky [28], Utumi [34]] A ring R is right PF if and only if 
R satisfies the following equivalent conditions: 
(1) R is right self-injective semiperfect, and has essential right socle. 
(2) R is right self-injective and has finitely generated essential right socle. 

(3) RR  is a finite direct sum R=⊕n eiR, where ei2=ei∈R,  and each eiR  is  indecomposable injective 
with simple socle. 
(4) R is an injective cogenerator for Mod-R. 
(5) R is right self-injective and every simple right R-module  embeds in R. 
(6) Every faithful right R-module generates Mod-R, i.e., for every faithful right module M , there exists 

an epimorphism M 
n

→ R for some integer n. 

Note that case (5) in Theorem 1.9 implies that over a left perfect ring R, every right R-
module M has essential right socle. 
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Corollary  1.10 Every left perfect right self-injective ring R is right PF. Conse- quently, a 
semiprimary right self-injective ring is right PF. 

 

Proof  Clear from Theorem 1.9(1).                            � 

 
2.  Kasch Rings 

 
A right R-module M is called Kasch module if every simple right R-module can be embedded in 
M. A ring R is called right Kasch ring (or simply right Kasch) if every simple right R-module K 
embeds in RR, equivalently if RR cogenerates K or every maximal right ideal is a right 

annihilator as we shall in Lemma 2.2. Every semisimple Artinian ring is right and left Kasch, 
and a local ring R is right Kasch if and only if Soc(RR)=0 because R has only one simple 

right module. By Theorem 1.9(4), any right P F -ring is right Kasch and by the next 
Theorem 2.1 duo to Kato, also left Kasch. 

 
Theorem 2.1 [Kato [19]] For a ring R the following conditions are equivalent: (1) R is right 
and left Kasch, and R has torsionless  injective hull in Mod-R.  

 (2)  R is left Kasch and every factor module of R
2 is torsionless in Mod-R. 

(3) R is right PF. 

Lemma 2.2 [27, Proposition 1.44] The following are equivalent for a ring R: 
(1) R is right Kasch. 
(2) hom(M, RR)=0 for every finitely generated right R-module M . 
(3) l(T )=0 for every proper (respectively maximal) right ideal T of R. 
(4) rl(T )=T for every maximal right ideal T of R. 
(5) E(RR) is a cogenerator. 

 
Proof (1) ⇒  (2). This is because every finitely generated module has a simple image. 

(2) ⇒  (3). We may assume that T is maximal. If 0≠ σ: R/T→ RR, and if σ(1+T)=a, then 

0 ≠  a ∈ l(T). 
(3) ⇒  (4). Given (3), T⊆rl(T )⊆R, and (4) follows. 

(4) ⇒  (5). If T is a maximal right ideal of R, let 0≠ a∈l(T ) by (4). Then 

γ : R/T→ R is well defined by γ (r+T )=ar. Since T⊆r(a)≠  R, we have T=r(a), which 

shows that γ is monic. Thus R/T→ R⊆E(R),  and (5) follows by [27, Lemma 1.42]. 

(5) ⇒   (1). If KR  is simple let σ : K → E(R) be monic by (5). Then σ(K) ∩R ≠  0 because R ≤e E(R),  so σ(K) ⊆ R because σ(K) is simple.                                          � 
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Now we extend case (1) in the proceeding Lemma 2.2 to module case. 

 

Lemma 2.3 Let M be an S-R-bimodule with S=End(MR) and MR  be Kasch. Then for any 

maximal submodule N of M , lS (N ) ≠  0 and then N=rM (lS (N )). 
 

Proof  Let N be a maximal submodule of M. By hypothesis there exists an embedding  f 

of M/N into M. Let π denote the canonical homomorphism from M to M/N. Then f π(N 

)=0 and 0≠ f π∈S. Hence lS (N )≠ 0. Since N ⊆rM (lS (N)) and lS (N)≠  0 and N≤max M , 

N= rM (lS (N )).                                              � 
 

 

The following characterization of right Kasch rings has some independent interest and will 

be used frequently. 

Lemma 2.4 let R be a right Kasch ring. Then: 
(1) r(Soc(RR))=J (R). 

(2) R is left C2 - ring. 

(3) Z(RR)⊆ J (R) . 
Proof (1). It is always true that Soc(RR)J=0. Hence J(R)⊆r(Soc(RR)). Let t∈r(Soc(RR)). 
Since R is right Kasch, t right annihilates every simple right R-module. Let I be any maximal 

right ideal of R. Then (R/I)t=0̄. Hence t∈I for every maximal right ideal of R, and so 

t∈J(R) and r(Soc(RR))⊆J(R). Thus J(R)= r(Soc(RR)). 
(2). Suppose R is right Kasch.  If Ra is isomorphic to a summand of R, a∈R, it suffices to 
show that aR ≤d RR  (then a is a regular element, so Ra ≤d RR too). Since Ra is projective, 
l(a)=(1 − e)R, e2 =e. Then a=ea, so aR⊆eR, and we claim that aR=eR. If not let aR⊆M ≤max eR. By the Kasch hypothesis let σ: eR/M → RR  be monic and write c=(e+M )σ. 

Then ce=c and (since  ea=a∈M ) c ∈l(a)=(1− e)R. It follows that c=c =0 and hence that 

e ∈ M since σ is monic. A contradiction, hence aR=eR, as required. 

(3). Now assume that  R is a left C2-ring and let a∈Z(RR). Since we have l(a) ∩ l(1−a)=0 

it follows  that l(1−a)=0, whence R(1−a)∼= R. By hypothesis R(1− a) ≤d R, whence (1− 
a)R ≤d R, say (1− a)R=Rf , f 2 = f . It follows that 1−f ∈l(1−a)=0, so (1−a)R=R. 

Since a∈Z(RR) was arbitrary, this means that Z(RR)⊆ J (R).                                 � 
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Analogously,  one deduces characterization of left Kasch ings. 

 

Lemma 2.5 [27, Lemma 8.1] The following are equivalent for a right finitely cogenerated ring R 

with Soc(RR)⊆Soc(RR). 
 

(1) R is left Kasch. 
(2) R is a right C2-ring. 

(3) Z(RR)⊆J (R) . 
In this case R is semilocal with J=Z(RR) and l(Soc(RR))= l(Soc(RR))=J . 

Proof (1)⇒ (2) ⇒ (3) hold in any ring by Lemma 2.4. So assume that (3) holds. Observe 

first that J⊆l(Soc(RR)) because Soc(RR)⊆Soc(RR); and l(Soc(RR))⊆Z(RR) because 

Soc(RR)≤e RR. Using (3), it follows that l(Soc(RR))=Z(RR)=J. Hence J⊆ 
l(Soc(RR))⊆l(Soc(RR))=J. Now we claim if, kR is simple, k∈R, then l(k)= ∩i=1

m l(ki) where 

each l(ki)≤m kR⊆ Soc(RR)⊆Soc(RR) so Rk is semisimple, say Rk=Rl1 ⊕ ... ⊕ Rlm where each 
Rli is simple. Hence k=k1+ ... +km where 0≠ ki ∈Rli for each i. It follows that l(k)= ∩i=1

m  

l(ki), and l(ki) ≤max RR because Rki=Rli is imple. Now Soc(RR) is right finitely generated by 

hypothesis, say Soc(RR)=a1R ⊕.. ⊕ anR where each aj R is simple. Thus J=l(Soc(RR))=∩j=1
n 

l(aj) so, by the claim, J=l(Soc(RR)) =∩i=1
p  l(ki) where each l(ki) is maximal. It follows 

that R is semilocal, and that the map R → Rp given by r → (rk1, ..., rkp) is R-monic with 

kernel J . Hence R/J embeds in Rp.  But every simple left R-module, regarded as an R/J -

module, embeds in the (semisimple) ring R/J , and hence in R. This proves (1).                                                                      

� 
 

A ring R is called a right CF-ring if every cyclic (that is principal) right R-module can be 

embedded in a free right R-module. The open problem here is known as ”the CF -

conjecture”, that is whether or not every right CF -ring is right Artinian. Pardo and 

Asensio in [29] proved that, if R is right CS, right CF -ring, then R is right Artinian. If 

R is right CF -ring, then for every right ideal T of R, R/T is cyclic right R-module  and so it 

is embedded in a free module and then R/T is torsionless and therefore T=rl(T). The ring R 

is called right CEP-ring if every cyclic right R-module is essen- tially embeddable in a 

projective module. It is clear that every right CEP -ring is right CF -ring.  

 
Lemma 2.6 [30, Corollary] Every right CEP-ring is right Artinian. 
 
 
It is clear that every right CEP -ring is semiperfect by Lemma 2.6. 
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We call a ring R a right min-PF ring if R is a semiperfect, right mininjective ring in which 

Soc(RR)≤e RR  and lr(I)=I whenever  e2 =e ∈R is local and I⊆Re is a simple left ideal. For 

convenience we call R a right generalized pseudo-Frobenius ring (right GPF-ring) if it is right P -

injective and semiperfect and Soc(RR)≤e RR, the right GP F -rings are exactly the right P -
injective, right min-P F rings. A ring R is called right WPF-ring if it is right simple-

injective and semiperfect and Soc(RR)≤e RR. It is clear that every right P F -ring is right GP 
F -ring and every right GP F -ring is right min-P F ring. 

        Following [18] a ring R is called a right dual ring (or left dual ring)  if rl(T )=T for all 

right ideals T (or lr(L)=L for every left ideal  L of R). While R is called a dual ring if it is 

both right and left dual. The ring R is called right (left) semi-dual if the sum of the right 

(left) annihilators is again a right (left) annihilator. 
 

Lemma 2.7 [26, Lemma 2.1] Let C be  a class of right ideals of R with the property that T∈C 
implies bT∈C for all b∈R. The following conditions are equivalent: 
(1) rl(T )=T for all T∈C. 
(2) r[l(T ) ∩ Rb]=T+r(b) for all T∈C and all b ∈R. 
 

Lemma 2.8 [9, Lemma 2.11] If R is a right dual ring, then l(J)≤e RR. 
 

Proof Let l(J) ∩ Ra=0, where a∈ R. Then R=r(l(J) ∩ Ra)=J+r(a) by Lemma 2.7(2). 

Thus R=r(a), and so a=0.                            � 
 
Lemma 2.9 Let R be a dual ring. Then: 

(1) R is left and right continuous. 
(2) R is semiperfect. 
 

Proof (1). See [6, Corollary 8(1)]. 
 
         (2). See [14, Theorem 3.9]. 

 

3.  Quasi-Frobenius Rings 

 

We  conclude this  paper by introducing a class  of rings called quasi- Frobenius (or a QF-

ring). We will start by presenting several characterizations of this class in the next theorem. 
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Theorem 3.1 A ring R is QF if and only if R satisfies the following equivalent conditions: 

(1) R is right self-injective and right or left Artinian. 
(2) The left-right symmetry version of (1). 
(3) R is right self-injective and right or left Noetherian. 
(4) The left-right symmetry version of (3). 
(5) R is right and left Artinian  and every right (left) ideal is an annihilator. 
(6) R is left perfect, right and left P F . 

(7) R is right self-injective, left perfect, and J/J 2 is finitely generated in Mod-R. 
(8) Every injective right (left) module is projective. 
(9) Every right (left) module embeds in a free module. 
(10) R is right self-injective and satisfies the ACC on right or left annihilators. 
(11) Every projective right (or left) R-module is injective. 
(12) R is a left perfect, right and left simple-injective ring. 
(13) R is right semiartinian (that is, if every nonzero (principal) right module has a nonzero socle) 

dual ring. 

(14) R is a left perfect, right and left IN -ring. 
(15) R is left and right mininjective and left and right Artinian. 
 

Proof  (1) ⇔  (2) ⇔  (3) ⇔  (4) ⇔  (5). was obtained by Nakayama [25]and Ikeda [15, 16], 

(1) ⇔  (6) ⇔  (7) by [28], (1) ⇔  (8) ⇔  (9) by [12, Faith-Walker Theorem], (1) ⇔  (10) by 

[11], (1) ⇔  (11) by [27, Theorem 7.55], (1) ⇔  (12) ⇔  (13) ⇔  (14) by [27, Theorem 

6.39], and (1) ⇔  (15) by [15, Ikeda’s Theorem].   �                    

 
Moreover, 
 
Theorem 3.2 For a right and left continuous ring R the following conditions are equivalent: 

(1) R is QF. 
(2) R is left and right Artinian. 
(3) R has ACC on right annihilators. 
(4) R has ACC on essential right ideals. 
 

Proof  Note that (1) ⇔  (2) was obtained by Utumi [33], (1) ⇔  (3) by Camillo and 

Yousif [7], and (1) ⇔  (4) by Ara and Park [2].                                                                                                                                                                                                                                                                                             � 

A right Artinian ring R is QF if and only if Soc(RR)=Soc(RR) and both Soc(eR) 

and Soc(Re) are simple  or zero  for every local idempotent  e of R By [1]. Also in [9, 

Theorem  2.14], it is proved  that  if R is a left perfect, right  simple-injective,  and left 

GIN -ring, then  R is QF . For more properties and characterizations of QF -rings see [27]. 

Note that the following inclusions are strict: 

{ QF -rings } ⊂{ right P F -rings } ⊂{ right GP F -rings } ⊂{ right min-P Frings }. 

 

We give and prove another property for QF -ring. 
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Theorem 3.3 Let R be a QF -ring, then it is left and right min-CS, and satisfies ACC on right 

annihilators with Soc(RR)≤e RR. 
 

Proof Since R is QF -ring and so R is left and right self-injective and left and right 

Artinian, R is left and right min-CS and satisfies ACC on right annihilators with Soc(RR)≤e 
RR.                                                                                                                                                                                      � 

Note that the converse of Theorem 3.3 need not be true in general, see [22 ,  Example 2.3]. 

 

Recall that the socle series Socn(M ), n ≥1, of a module M is defined by Soc1(M )=Soc(M ) 

and  
 
 
 
 
 
if n ≥1. This is required in the next result. 
 

 

Theorem 3. 4 [9, Theorem 2.8] Let R be a right W P F -ring. Assume either: 

(1) R is left semi-dual, or 

(2) J 2=r(A) for some finite subset A of R. 

Then J/J 2  is a finitely generated right R-module and soc2(RR) is finitely generated left R-module. 
 
Lemma 3.5 [27, Theorem  6.53] Suppose R is a left perfect, right simple injective ring.  Then R is 

QF if and only if Soc2(R) is countably generated as a left R-module. 

Now we give a different proof for the following Corollary 3.6 which is known as in [9, 

Corollary 2.10]. 

 
Corollary 3.6 Let R be a left perfect and right simple-injective ring. Assume either: 

(1) R is left semi-dual, or 

(2) J 2=r(A) for some finite subset A of R. Then R is QF . 
 

Proof Since R is left perfect, R is semiperfect, and by Theorem 1.2(2)(v) every right 

module has a minimal submodule. Obviously Soc(RR)≤e RR. By hypothesis, R is right  
simple-injective, and so R is right WPF-ring. By the preceding Theorem 3.4, Soc2(RR) is 

finitely generated left R-module. Hence R is QF by Lemma 3.5.   � 
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